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A Non Quasi-metric Completion for
Quasi-metric Spaces

R. LOWEN AND D. VAUGHAN (¥

SUMMARY. - The authors have previously presented a completion the-
ory for those approach spaces which have an underlying Ty topology —
these include all quasi-metric spaces. This theory extends the existing
completion theory for uniform approach spaces, which in turn gen-
eralizes that for metric spaces. This new completion theory, more-
over, has an interesting relationship with the completion theory for
nearness spaces. The theory allows every quasi-metric space to be
completed, and remarkably such completions need not again be quasi-
metric; this situation contrasts with all other previously introduced
completion theories for quasi-metric spaces (e.g. [12, 3, 9]). In this
paper we present an example of a non-quasi-metric completion, and
we give some conditions which ensure that the completion is again
quasi-metric. This investigation leads us to favour one particular
form of Cauchy sequence in quasi-metric spaces.

1. Metric spaces

Since quasi-metric spaces are a generalization of metric spaces, any
sound completion theory for quasi-metric spaces should strictly gen-
eralize the usual completion theory for metric spaces. Traditionally
this is done by generalizing the concept of Cauchy sequence and/or
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that of the convergence of a sequence. But the completion of metric
spaces can equally well be described in the terms of minimal Cauchy
filters, and indeed this view of completion is nicer in the sense that
every point of the completion has a canonical representative, and so
equivalence classes are not required in its construction.

It is convenient at this point to recall the constructions used in the
completion of metric spaces by means Cauchy filters. A filter F in a
metric space (X, d) is said to be Cauchy when

Ve >0,dx € X: B.(z) € F,

where B.(z) := {y € X | d(z,y) < e}. A minimal Cauchy filter is
a Cauchy filter F such that if G is a Cauchy filter with G C F then
G = F. A particular form of Cauchy filter is the so-called round
Cauchy filter, which is a Cauchy filter F satisfying

VFeF,3e>0,Vr e X: B.(x) € F = B.(z) CF.

In metric spaces, the round Cauchy filters and the minimal Cauchy
filters coincide. A metric space (X,d) is said to be complete when
every Cauchy filter F has a convergence point, i.e.

dx € X, Ve >0: B.(x) € F.

PROPOSITION 1.1. In a metric space, the following are equivalent:

(1) every Cauchy filter has a convergence point;
(2) every minimal Cauchy filter has a convergence point;
(8) every round Cauchy filter has a convergence point.

The set X of points in the completion is then the set of minimal
Cauchy filters (= the set of round Cauchy filters), and the metric d
on the completion can be defined by:

d(F,G):== sup inf d(f,g).
FeF,GeG feF,geG
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2. Quasi-metric spaces

In quasi-metric spaces we can define Cauchy filters, minimal Cauchy
filters, and round Cauchy filters in the same way as for metric spaces:

DEFINITION 2.1. A Cauchy filter in a quasi-metric space (X,d) is a
filter F such that

Ve >0,dz € X: B.(z) € F,

where B:(z) == {y € X | d(z,y) < e}. A minimal Cauchy filter is
a Cauchy filter F such that if G is o Cauchy filter with G C F then
G =F. A round Cauchy filter is a Cauchy filter F satisfying

VFeF,d3e>0,Vre X: B.(r) € F = B.(z)CF.

While the implications (1) = (2) = (3) of Proposition 1.1 still
hold for quasi-metric spaces, their converses do not; we illustrate
this with two examples. To prove that (2) = (1) does not hold for
quasi-metric spaces we present a rather odd example. The following
space has no minimal Cauchy filter:

EXAMPLE 2.2. The underlying set is X := N, and the quasi-metric
18:

10 ifa<b,
d(a,b) :=<0 if a =0,
1/a ifa>b.

First we show that every Cauchy filter in (X,d) contains a set of the
form {0,1,...,n}. Let F be a Cauchy filter. It is possible that F
has a convergence point n, in which case F =n={ACX | n € A}.
Otherwise there exist arbitrarily large n € N such that each BQ/n(n) €
F. Choosing any of these, we find that By,(n) ={0,1,...,n}.

Thus we have filters, such as the one generated by the one set {0, 1},
which have no convergence point.
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Now we show that there are no minimal Cauchy filters in this space.
Let F be a Cauchy filter. Then there exists a set of the form {0,1,...,
n}in F. Thus {0,1,...,n+1} € F, and so, if we define G to be the
filter generated by {0,1,...,n+ 1}, then G is a Cauchy filter which
s strictly coarser than F.

So in the above example, every minimal Cauchy filter has a con-
vergence point, while the Cauchy filter generated by {0,1} has no
convergence point.

EXAMPLE 2.3. The quasi-metric space (X, d) has a minimal Cauchy
filter which is not round, where X := {0,1} xNg and d is defined by:

0 if (i,m) = (4,n),
d((i,m), (j,n)) == 1/m+1/n ifi=0and j =1 and m <n,
10 otherwise.

For each m € Ny we define Cy, := {(1,n) | n > m}. Note that
each By, ((0,m)) = {(0,m)} U Cp,. Let F be the filter with base
{Cm | m € No}. F is Cauchy, since each By/p((0,m)) € F. F is
not round, since {1} x Ny € F and, for each m € Ny, we have both
Bl/m((ovm)) € F and Bl/m((oam)) < {1} x Np.

Now we show that F is a minimal Cauchy filter. Let G C F also
be Cauchy filter. Consider any € > 0 and any basic F € F, i.e.
F = C,, for some m € Ny. Then there exists p > 1/e such that
By,((0,p)) € G and there exists ¢ > p such that By,,((0,q)) € G.
Now the intersection of these sets, namely Cy, is a member of G, and
hence F € G. Thus G = F, i.e. F is minimal Cauchy.

In Example 2.3 every round Cauchy filter has a convergence point,
since this space has no round Cauchy filters, while the minimal
Cauchy filter F has no convergence point.

Thus, if we are to use Cauchy filters to describe the completeness of
quasi-metric spaces and their completions, we must decide whether



A NON QUASI-METRIC COMPLETION etc. 149

to use minimal Cauchy filters or round Cauchy filters. We choose
round Cauchy filters; our reasons relate to completion theory in a
categorical context, and they require us to take an alternative view
of Cauchy filters in §3, and then an alternative view of quasi-metric
spaces themselves in §4.

3. Grills, clusters, and nearness

Every filter F on a set X is a stack, i.e.
VA BCX: (Ac Fand ACB) = BeF.

When applied to stacks, the operator sec : P(P(X)) & P(P(X))
is involutive, i.e. secosec = 1, and has two equivalent definitions:

sec(A4):={BCX |VAe A: ANB # ()}
={BCX | X\B¢A}

Thus we have a one-to-one correspondence between the filters on a
given set and their duals via the ‘sec’ operator; the dual of a filter is
called a ‘grill’.

DEFINITION 3.1. A grill on a set X is a non-empty collection G C
P(X) of non-empty sets satisfying

VG, HCX: GUHeG & (GeGorHEQG).

The advantage of working with grills in a quasi-metric space is that
we can consider the ‘distance’ of a point to a grill, namely

a(z,§) == supd(z,G),
Geg
where, as is conventional, d(z,G) := infocgd(z,g). In particular,
a filter F has convergence point z precisely when «a(z,sec(F)) = 0,
and is Cauchy precisely when inf,c x a(z,sec(F)) = 0.

In order to distinguish the distance d : X x X < [0,00) from the
distance d : X x P(X) < [0,00), we shall always use d; to denote
the latter:
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DEFINITION 3.2. If (X,d) is a quasi-metric space, then we define
dg: X x P(X) &= [0,00] by:

dq(z, A) := inf d(z,a).

acA

For convenience we also define ag: X x P(P(X)) <= [0,00] by:

ag(z, A) := sup o4(z, A).
AcA
A point 2 € X is called an adherence point of a collection AC P(X)
when og4(z, A) = 0; a collection A C P(X) is said to be near when
infyex ag(z, A) = 0. A mazimal near collection is called a cluster.

We find (see [15]) that every cluster is a grill, and is therefore a
maximal near grill. Since the ‘sec’ operator is order-reversing, we
find that the maximal near grills correspond to the minimal Cauchy
filters. In fact the clusters correspond to the round Cauchy filters.
Thus we know that a metric space is complete whenever every cluster
has an adherence point, or equivalently whenever every maximal near
grill has an adherence point.

4. Approach spaces

The convergence concepts in the previous section required only the
distance 04 derived from d. Thus we should be able to consider com-
pleteness, and indeed construct completions, using only d4. Fortu-
nately, such functions derived from quasi-metrics have already been
extensively studied:

DEFINITION 4.1. If X is a set, then a function 0 : X x P(X) <=
[0, 00] is called an approach distance if it satisfies:

(D1) VzreX: i(z,{z}) =0,
(D2) Vze X: §(z,0) = oo,
(D3) Vz e X,VA BCX: §(z, AUB) = min{é(z, A), 6(z, B)},

(D4) Vre X, VA BCX: §(z,A) <d(z,B) +supd(b, A).
beB
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A pair (X,0), where ¢ is a distance on X, is called an approach
space. A function f: X <= Y is called a contraction f: (X,0) <
(Y, d') if

Vz e X,VACX: §(f(z), f(A)) < d(x, A).
The resulting topological category (see [13, 14]) is denoted by AP.

LEMMA 4.2. If 6 : X x P(X) & [0,00] satisfies (D3), then each of
the following is equivalent to (DJ}):

(Df) VYzeX,VACX,VBe[0,00]: d(z, A) < 8(z, AP)) 4 B,
(D{') Ve X,YACX, ¥,y € [0,00]: (AT 4Bt
where AP .= {z € X | §(x,A) < B} O

Thus every quasi-metric space can be represented uniquely as an ap-
proach space. This allows the completion theory from [15] to be ap-
plied to quasi-metric spaces. Those approach spaces (X, d) in which
d(z,A) = infyca 0(z,{a}) always holds are almost the quasi-metric
spaces: they are the extended pseudo-quasi-metric spaces:

DEFINITION 4.3. An extended pseudo-quasi-metric (or oopg-metric)
on a set X is a function d: X x X < [0,00] such that

(M1) VzeX: d(z,z)=0,
(M2) VNz,y,z€ X: d(z,z) <d(z,y) + d(y, 2).

Clearly every quasi-metric space is an oopg-metric space. The lat-
ter spaces are in a sense more natural than the former: they form
a topological category (indeed the MacNeille completion [16] of the
pseudo-quasi-metric spaces) when contractions are used as the mor-
phisms; contractions here are the functions f : (X, d) <= (Y, e) such
that (e x e) o f < d.

5. The completion

DEFINITION 5.1. If (X, ) is an approach space, then we define oy :
X x P(P(X)) & [0,00] by

as(z,A) = 216135(:1:,14).
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We say that a collection ACP(X) is near when inf e x as(z, A) = 0.
A mazimal near collection is called a cluster (i.e. C is a cluster if,
whenever C CD and D is near we have C = D); we denote the set of
clusters in an approach space by KC(X). Note that every cluster is a
mazimal near grill ([15]). If 6 = §4 for some ocopg-metric d, then we
use o instead of a,.

DEFINITION 5.2. An approach space (X,d) is said to be complete if
every cluster has an adherence point, i.e. if

VA€ K(X), 3z € X: as(z, A) =0.

To embed an approach space nicely in its completion, we need a
minimal degree of separation:

DEFINITION 5.3. An approach space (X,0) is said to be Ty when its
topological coreflection is Ty, i.e. if and only if

Ve,ye X z#y = 0(z,{y}) Vi(y,{z}) > 0.

In T spaces, an adherence point of a cluster (even of a maximal near
grill) is necessarily unique.

Examples 2.2 and 2.3 demonstrate that taking the set of clusters, or
even maximal near grills, as the set underlying the completion could
result in an empty completion! So we form a ‘simple completion’ of
any approach space by adjoining all clusters to the space: these extra
points in the completion will serve as adherence points for those same
clusters. However, some clusters are indistinguishable from points in
X; indeed in well-behaved spaces we can associate a cluster (a ‘point-
cluster’) with each point via the function ¢ : X < P(P(X)) defined
by:
w={ACX | 6(z,A) =0}

This well-behavedness can be expressed, not surprisingly, as a form of
symmetry, which we call ‘weak symmetry’. But even for an arbitrary

quasi-metric space, we can construct a completion, and embed the
original space using ¢. The following theorems are proved in [15].

DEFINITION 5.4. K*(X) := K(X) \ «X.
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DEFINITION 5.5. If AC P(X) and 8 € [0,00] then APl .= {A(B)
Ae A}

THEOREM 5.6. If (X,0) is a Ty approach space then (X, 5) is a com-
plete Ty approach space, where

X =1 X UK*(X),

§: X x P(X) o= [0, ],

5z, 4) == inf {5>0 | (NA)Y Ca},

and ¢ : (X,0) < (X,0) is a dense embedding.

Since each z € X is a stack, it is straightforward to verify that

~

d(z,A) = sup inf supd(b, A).
A€NA Bezx beB

THEOREM b5.7. The completion defined in Theorem 5.6, when ap-
plied to metric spaces, yields the usual (metric) completion.

In [15] the authors exhibited a quasi-metric space whose completion
is not a quasi-metric space, or even an copg-metric:

EXAMPLE 5.8. The underlying set is X := {0, 1} xNy, and the quasi-
metric 18:

I/mel/n ifi=j=0 and m <n,
d((i,m), (j,n)) := ¢ 1/m ifi=0andj=1and m <n,

10 otherwise.

Now if a set A C X is finite, let us say A C {0,1} x {1,... ,n} for
some n € No, then inf e x\ 4 0q(z, A) > 1/(n?en). Thus if ACP(X)
is near, then either NA # () or every A € A is infinite.

So for each x € X, the collection

w = {ACX | 04(x,A) =0} = {ACX |z€ A}



154 R. LOWEN and D. VAUGHAN

is a cluster. But note that C := {A C X | A is infinite} is also a
cluster since, for each n € Ny, we have ag((0,n),C) =1/n. Now let
D :={1} xNy. Then D € C, and hence §4(C,.D) = 0. But for each
n € Ny we have

54(C, {t(1,m)}) = inf{B >0 | {(1,n)}P) is infinite} = 10,

and so there can exist no copg-metric space (X,e) such that (X, 3) =
(X, de)- O

6. Nearness and regularity

The theory outlined in §5 also holds when maximal near grills are
used for /C(X) instead of clusters. But there are two reasons for using
clusters: they give a good correspondence with completion theory in
nearness spaces and they allow us to describe completions using a
form of Cauchy sequence. The correspondence with nearness spaces
requires the following condition, which of course can be applied to
quasi-metric spaces:

DEFINITION 6.1. An approach space (X, 0) is said to be weakly sym-
metric if

Vee X, VAC X: in£5(a,{:1:}) =0 = d(z,A) =0.
ac

One should note that this condition still admits many quasi-metric
spaces, including all the examples given in this paper except Exam-
ple 2.2, and including, for instance, any subspace of any quasi-metric
space (R,dg), where 8 > 0, dg(z,y) := y <2 when z < y, and
ds(z,y) := B(z ©y) when y < z.

We refer the reader to [6, 7] for details of completion in nearness
spaces. Here it is sufficient to state that every Ry topological space
is a nearness space, and that the (strict) completion of nearness
spaces describes all strict extensions of topological spaces, including
the Wallman and Cech-Stone compactifications and the Hewitt real-
compactification, and also describes the Weil completion and Samuel
compactification of uniform spaces.



A NON QUASI-METRIC COMPLETION etc. 155

If (X, ) is an approach space, then the following are equivalent:

1. (X,0) is weakly symmetric,
2. Vz € X: 1x is a cluster,
3. X = K(X),

4. {ACP(X) | Aisnear } is a nearness whose topological co-
reflection is the same as (X, d)’s topological coreflection.

Moreover, if (X,0) is a weakly symmetric approach space, then
the functor from AP to NEAR described by 4. above commutes
with completion (in the appropriate category), i.e. if £5 denotes the
nearness associated with the weakly symmetric approach distance
0 and if * denotes the strict completion of nearness spaces, then

(X*, &%) = (X, &)

The uniqueness of a completion is always desirable. Unfortunately,
given our defintion of completeness, there is no unique completion
amongst the quasi-metric spaces, even for metric spaces:

EXAMPLE 6.2. A metric space which is a dense subspace of two
distinct complete quasi-metric spaces. The underlying set is X =
{2,3,4,...}, and the metric on X is:

d(a,b) :==|1/a <1/b|.

Of course the usual (metric) completion of (X,d), which coincides
with the completion used in this paper, is

X = X U{w},
Ci(@al_)) =|1/a<1/b|, where 1/w := 0.

But consider the following quasi-metric on X:

wy . [Wastbl ifate
e V% ifa=w,

where 1/w? := 0. Then (X,e) is a complete quasi-metric space, and
(X,d) is a dense subspace of (X, e).



156 R. LOWEN and D. VAUGHAN

However, amongst ‘limit-regular’ approach spaces, our completion is
the unique ‘smallest’ completion, i.e. a completion which defines an
epireflection. Thus if (X, ¢) is a limit-regular approach space which
is embedded (not necessarily densely) in a complete limit-regular ap-
proach space (Y, p), then there is a unique morphism f : (X,8) <
(Y, p) leaving X unchanged. In limit-regular approach spaces, the
three properties listed in Proposition 1.1 are equivalent. Surpris-
ingly, limit regularity is a Hausdorff condition. More specifically, in
topological spaces (which are also approach spaces), limit regularity
coincides with the Hy property of [2] and the Ry property of [5],
i.e. the non-Ty part of the Hausdorff property. Limit regularity is
stronger than weak symmetry.

DEFINITION 6.3. An approach space (X, 0) is said to be limit-reqular
if, whenever AC X and G is a grill on X, we have

inf o5(a,G) =0 = Ve X: i(z,A) < as(z,0).
a€A

7. Cauchy sequences

In this section we define a ‘Cauchy sequence’ and show its correspon-
dence with clusters. In electing the following definition for a Cauchy
sequence, we are motivated by Theorem 7.10. We also note that this
type of sequence arises naturally from a categorical view of conver-
gence [11] and facilitates a Baire category theorem for quasi-metric
spaces [4] (which also appears in [10]); indeed it was considered by
Kelley in [8].

DEFINITION 7.1. If (X,d) is a quasi-metric space, then a sequence
(#n)pen in X is said to be a Cauchy sequence iff

Ve>0,AN e N, Vm,n>N: m<n = d(zm,z,) <e.
Sequences of this type are called ‘left K-Cauchy’ in [12].

REMARK 7.2. A collection A C P(X) is near in an approach space
(X,0) if and only if there exists a sequence (x,) in X such that
(xn) = A, where

(xn) > A & Ve>0,IN €N, Vn>N: as(z,, A) <e.
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In particular when A is a cluster, we obtain the following proposition.

DEFINITION 7.3. If () is a sequence in a set X, then we say that
a set T C X spans (z,) whenever

VNeN, dn>N: z, € T.

PROPOSITION 7.4. If C is a cluster in an oopg-metric space (X, d)
then every sequence (xy,) in X such that (z,) — C contains a subse-
quence which is Cauchy.

Proof. Let C be a cluster and let (z,) — C. Now every T which
spans (z,) defines a subsequence (z,) of (x,), and hence (z,) — C.
But (z,) = CU{T}, making C U {T'} near, and therefore T' € C.
Thus C contains all sets which span (z,). Now

ANy €N, Vn > Ny: agq(z,,C) < 1/2.

For each m > Ny, T),, := {x,, | n > m} spans (z,). Thus for
each m > Ny, we have §4(zn,,Tin) < 1/2, and therefore there exists
n > m such that d(zy,,z,) < 1. So we obtain a subsequence (z0)
of (zy) such that

(a) (L‘8 = TNo,
(b) Vn € N: aq(x,C) < 1/2, and
(c) Vn € N: d(x9,2%) < 1.

Now we construct a subsequence (z) of (z9). Again, (%) — C, and

SO
3N, € Ny, Vn > Ni: aq(22,0) < 1/4.

And again for each m > Ny, Tp, := {z¥ | n > m} spans (z,), and
this gives rise to a subsequence (z}) of (20) satisfying
(a) x(l) = TNp»

(b) Vn € N: aq(xl,C) < 1/4, and
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(c) Vn € N: d(z},zl) <1/2.

Continuing in this way, we obtain a subsequence (z) of (z,) such
that
Vm e N, Vn>m: d(z3',z5) <27 O

LEMMA 7.5. If (z,,) is a Cauchy sequence in a quasi-metric space
(X,d) then {T C X | T spans (z,)} is a near grill. O

PROPOSITION 7.6. If (z,) is a Cauchy sequence in a limit-reqular
quasi-metric space (X,d), then C(xzy) is a cluster, where

Clzp) ={ACX | Vn e N: §4(zpn,A) <limsupd(zn,zm)}-

m— o0

Proof. Clearly C(z,) is a near grill. Hence by limit regularity and
by Lemma 6.8 of [15], C(xz;) is contained in a unique cluster D. By
Lemma 6.15 of [15], each ay(zpn,D) = ag(zn,C(zy)) < limsup,,_,
d(xp, Tm), and therefore D C C(x,). Hence C(xz,,) is a cluster. O

PROPOSITION 7.7. If C is a cluster in a limit-reqular quasi-metric
space and if (z,) is a Cauchy sequence satisfying (x,) — C, then
C(xn) =C.

Proof. We have (z,) — C UC(zy), and therefore C(x,) CC. But by
Proposition 7.6, C(xy) is a cluster, and hence C(z,) = C. O

REMARK 7.8. Thus we have a many-to-one correspondence between
the Cauchy sequences and the clusters in a limit-reqular quasi-metric
space. This of course induces an equivalence relation on the Cauchy
sequences; it also allows us to describe completeness in terms of the
convergence of Cauchy sequences:

DEFINITION 7.9. If (X,d) is a copg-metric space, y € X, and (zy)
is a sequence in X, then we say that (z,) converges to y when

limy, o0 d(y, ) = 0.

THEOREM 7.10. A limit-reqular quasi-metric space is complete if
and only if every Cauchy sequence converges.
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Proof. We need only show that a Cauchy sequence () converges to
a point y if and only if y is an adherence point of C(z,). This follows
by noting that (z,) converges to y iff y is an adherence point of the
grill of spanning sets of (z,) iff y is an adherence point of C(z,). O

PROPOSITION 7.11. In a limit-reqular quasi-metric space (X,d), the
Cauchy sequences form equivalence classes generated by the relation:

() ~ (yn) <& limsuplimsupd(zpy,,y,) = 0.

m—o0 n—o0

Proof. Clearly we have an equivalence relation ~ on the Cauchy se-

quences, namely that two Cauchy sequences (x,) and (y,) are equiv-
alent iff C(zy,) = C(yn).

Let () % (yn). Then

de>0,VM eN, Idm > M, VN €N, I3n > N: d(xm,yn) > €
= Je>0,VM €N, I3m > M, 3T spanning (y,): dq(zm,T) > ¢

But there exists M € N such that for all m > M we have lim sup,,_,
d(zm,zp) <e/2. SoT & C(zy,), and hence C(y,) L C(zm).

Conversely let (z,) ~ (yn), and let T span (y,). We shall show that
limsup 6g4(zm,T) = 0. (1)

m—00

Assume (1) to be false. Then

Je>0,VM €N, Am > M: §4(zp,T) > ¢
= Je>0,VM eN, Im > M, VN €N, In > N: d(xm,yn) > ¢,

contradicting (z,) ~ (yn). Therefore (1) holds, and hence (z,) —
(C(zyn) U{T}). Applying Axiom (D4) we find that (z,,) — (C(z,) U
C(yn)). Now applying Proposition 7.6 we obtain C(z,) = C(yn). O

8. Completion by Cauchy sequences

Now we can consider the underlying set of the completion of a quasi-
metric space to be the equivalence classes of the Cauchy sequences.
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It will be more convenient to use the slightly broader class of copg-
metric spaces (see Definition 4.3). But Example 5.8 shows that the
completion is not necessarily an copg-metric space. In this section
we investigate when the completion of an copg-metric space is again
an oopg-metric.

DEFINITION 8.1. An ocopg-metric space (X,d) is said to be insular
if
VA C X,V Cauchy sequence (z):
li_>m dg(zn, A) =0 = Ve >0, Ja € A: limsupd(zy,a) <e.
n—oo

n—o0

PROPOSITION 8.2. Every complete limit-reqular oopg-metric space is
insular.

Proof. Let (x,,) be a Cauchy sequence in a complete limit-regular
oopg-metric space (X,d), and let A C X be such that lim,
di(zpn, A) = 0. Then C(zy,) U {A} is near, and therefore A € C(x,,).
Now C(z,) has an adherence point y, and so d4(y, A) = 0. Consider
any € > 0. Then Ja € A such that d(y, a) < e. But ay4(y,C(zy,)) =0,
and hence by limit regularity we have

Vn € N: d(:z:n,y) < ad(xnac($n))
= Vn e N: d(z,,y) <limsupd(z,,z))

pP—00
= Vn e N: d(z,,a) <limsupd(z,,z,) +¢
pP—00
= limsupd(z,,a) <e.
n—00 Il

PROPOSITION 8.3. If (X, d) is an insular Ty copg-metric space, then
(X,04) 18 an ocopg-metric space.

Proof. We must show, for z € X and A C X, that

da(z, A) = QQA@(& {a}).

The < part follows from the fact that AC B = 5(@,@) < 5(@, A).
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If z € K(X) then we know by Proposition 7.4 that there is a Cauchy
sequence (z,) in X such that lim,, o ag(z,,z) = 0. For each N € N
we shall define By := {z;, | n > N}. Note that, by the maximality
of z, we have each By € z. If z ¢ K(X) then z = «(z) for some
x € X, and then we let () be the constant sequence at z; we define
every By to be {z}, and again we have each By € z.

Now let 8 := 5:1@,4); consider any € > 0 and, for each a € A,
any A, € a. Let C' := UgeaA,. Then, since each a is a stack, we
have C' € NA. Therefore C0+¢) € g, Thus limy,_,e 0g(2,, CPT9)) =
0. So, by the insularity of (X,d), there exists a ¢ € C'6+%) such
that limsup,,_,., d(zn,c) < e. But since (X,d) in an copg-metric,
C+9) = Uye 4 (A, P19)). Therefore

Jda€ A, da € Ag(ﬁ“): limsupd(z,,a) <€

n—00

= dagec A: limsup5d(:1:n,Ag(*6+€)) <e

n—00

= Ja € A: limsupdg(zn, Ay) <+ 2¢.

n—o0

To summarise,
Ve > 0, V{AQ}QGA € QEAQ’ Jda€ A,

AN e N, Vn > N: 04(zpn, Ag) < B+ 3¢
= Ve>0,JdJac A VAca,
dBy €z, Vb € By: 5d(b,A) < B+ 3¢

= gigig(z, {a}) <. -

Using Proposition 8.2, Proposition 8.3, and the fact [15] that the
completion of a limit-regular approach space is limit-regular, we ob-
tain:

PROPOSITION 8.4. If (X, d) is a limit-regular insular Ty copg-metric
space, then its completion (X,d) is insular.

THEOREM 8.5. Within the 1Ty limit-regular insular oopg-metric
spaces, completion is an epireflection.
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Proof. The completion of a limit-regular insular Ty ocopg-metric
space is again a limit-regular insular Ty ocopg-metric space. But
completion is an epireflection for Ty limit-regular approach spaces,
and pgMET> is a full subcategory of AP. O

PROPOSITION 8.6. If (X, d) is a limit-regular insular Ty copg-metric
space, then its completion can be described by:

A~

X :={[(zn)] | (xn) Cauchy sequence},
where (zy) ~ (yn) < limsuplimsupd(zy,,yn) =0,

m— o0 n— 00

~

d([(zn)], [(yn)]) :== sup inf sup inf d(zm,yn).
MEN NeN n>N m>M

Proof. In the following proof we implicitly show that the descrip-
tion of d is independent of the choice of representatives for the two
equivalence classes.

da([(zm)], {[(yn)]}) = sup  inf sup inf d(t,u)
UeC(yn) TEC(zn) teT uelU

= sup inf  sup inf d(¢,u)
U spans (yn) T spans (zn) t€T ueU

= sup sup inf inf d(zp,,u)
U spans (yn) MEN m>M ueU

= sup sup inf inf d(zy,,u)
MeN U spans (yn) ueU m>M

= sup inf sup inf d(zm,yn).
MEN NeN n>N m>M .
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