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SOMMARIO. - Per quanto concerne la positivita, i sistemi cooperativi ellit-
tici e parabolici si comportano come le corrispondenti equazioni: una
sorgente positiva implica che la soluzione é positiva. [ sistemi con
accoppiamento non cooperativo presentano invece un diverso compor-
tamento. Per 1 sistemt ellittici non cooperativi sussiste un risultato
limitato ma uniforme di positivita mentre per 1 sistemi parabolict non
cooperativi non esiste alcun risultato di positivita. In questo lavoro si
esaminano condiziont che assicurino la positivita di un sistema inter-
medio di tipo misto parabolico-ellittico.

SUMMARY. - Concerning positivity, cooperative elliptic and parabolic sys-
tems behave like the corresponding equations: a positive source implies
that the solution s positive. Systems with a noncooperative coupling do
not yield such type of behaviour. For noncooperative elliptic systems
there 1s a restricted, but uniform, positwvity result and for the non-
cooperative parabolic system there is no positivity result at all. Here
we address positivity preserving properties of an intermediate mizred
parabolic-elliptic system.
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1. Introduction.

For the elliptic, respectively parabolic, problem

—Au=f inQ, Zu—Au=0 inQx(0,7),
(a) (b) ©u=0 on 9Q x (0,7,
u=20 on 0f2, w(0)=f in Q ,

(1)
with € a smooth bounded domain in R™, the classical maximum
principle yields that 0 < f € C () implies u > 0 (see Protter and
Weinberger [17]). Similar results hold for weakly coupled systems
of such equations at least when the coupling is cooperative. Let us
recall: a system is called weakly coupled if the coupling terms do not
contain derivatives; it is called cooperative if the coupling matrix has
positive off-diagonal components.

Results for positivity preserving properties of weakly coupled co-
operative elliptic and parabolic systems can be found as early as
1964 in [21] by Walter. Also [17] from 1967 contains such a result.
In recent years there has been a renewed interest in positivity pre-
serving results for systems. Let us refer to [6], [3], [22], [8], [14] or
[16], which were all concerned with the cooperative case or similar
to cooperative case. (In a semilinear setting cooperative is replaced
by quasimonotone.) Weinberger in [23] addressed the question when
a system is similar to cooperative.

On page 192 of [17] cooperative coupling is called and shown to
be a genuine restriction for results on systems of the form f posi-
tive implies u positive. Indeed, demanding positivity of the solution
for all positive source terms implies that the system is cooperative.
Nevertheless, one has been able to show restricted positivity, that is,
assuming that the source term lies in some subcone of the positive
cone, the solution of the non cooperative elliptic system with small
non cooperative terms is positive. The main difficulty is to get a
uniform result in the sense that the smallness of the non cooperative
terms should not depend on the source term.

First results in this direction are found in [5], [18] and [7]. Using
the 3G-Theorem of [24], [2], restricted positivity results for more
general non cooperative elliptic systems were obtained in [19], [15]
and [20]. The last paper also contains positivity results for strongly
coupled systems.
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The result behind the 3G-Theorem is a uniform estimate of the
Green function from below that can be proven (see [24]) using Har-
nack type estimates. Such uniform estimates do not exist for the
kernel functions of the parabolic equation. Hence for a non cooper-
ative parabolic system one cannot expect a result as for the elliptic
case.

The motivation of this paper was the question whether a re-
stricted positivity result can be shown for a mixed parabolic-elliptic
system. Such a system appears as a limit case in [12].

The mixed parabolic-elliptic system that we consider is as follows

(% _ A) u = —ev on Qx(0,00),
~Av = u on Qx(0,00),
u=v = 0 on 09Qx(0,00), (2)
w(0) = wu on Q,

where Q is a bounded domain in R” with n > 2 and 9Q € C3. The
question we address is the following:

When does ug > 0 imply u(t) >0 ¢

For € < 0 the signs of u and v support each other (the coupling
is cooperative) and indeed, for ¢ < 0 the system can be shown to be
positivity preserving. But for € > 0 positivity of u yields a positive v
and a positive v reduces u. In such a noncooperative system we have
to balance the two effects. For closely related fully parabolic and
fully elliptic systems the balance is more obvious as we will explain
in the next section.

At several places we will use the eigenfunctions and eigenvalues
of —A on € with Dirichlet boundary condition. They are denoted
by (A, ¢i)ie; with 0 < Ay < Ay < A3 <.... We assume them to be
normalized by ||¢i||72(q) = 1 and we take ¢1 > 0.
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2. Related parabolic and elliptic systems.

For the parabolic problem

= ug on £,

one directly finds that positivity is not preserved for any € > 0. For
example the function u (t) = e=*1? cos (y/gt) g1 solves (3) for ug = ¢
and changes sign. Since for large ¢ the solution is dominated by its
projection on the first eigenvalue, no non trivial initial value will give
a solution that remains positive.

In [15] and [19] it is shown that for the elliptic system

—Au = f—ev on £,
—-Av = u on €,
u=v = 0 on 0,

(4)

there exists € > 0 but small such that for all & € [0,*] we have
f > 0 implies that the solution satisfies u > 0.

The system in (2) is an intermediate problem. Using the same
initial value ug = 1 one finds a positive solution for all time ¢ .
However, we will show that there is no uniform positivity as for (4).
Nevertheless we will show that there exist some positivity preserving
properties for (2).
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3. Kernel functions.

We start by recalling some classical results. For the elliptic prob-
lem (1-a) the solution is given by u (z) = (G f) (z) with G defined on
Ly (2) by

(G1) (@)= [ G(z,9)f(y)dy,

yeQ

and where G (z,y) is the Green function. See [10], [9] or [4]. Since
we assumed that Q is bounded and that 9Q € C? there exists ¢; such
that

1GF w220y < €1 1fllz2(qy -

The solution of the parabolic problem (1-b) is given by u (t,z) =
(P(t) f) (x), where {P (t)},5o is an analytic semigroup on Ly ()
defined by -

(P@) ) @)= [ Ptz f(y)dy.

yeQ

The function P (¢, z,y) is the standard heat kernel. See [9] or Chap-
ter 4 of [4]. One has

”P (t) fHL2(Q) S 6_/\1t HfHL2(Q) for all ¢ > 0,

and for some ¢y > 0 that

1
”P(t) f”W2,2(Q) < Z ”f”L2(Q) for all ¢t > 0.
Moreover, for all z # y € Q one has

Ge,y)= ] P(t,e,y)dr. (5)

=0
Inverting the second equation in (2) one obtains
(%—A—I—sg)u = 0 on Qx(0,00),

v = 0 on 09Qx(0,00), (6)
w(0) = up on Q.
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Formally the solution of (6) is e(2=*9yy. Since A : W22 (Q) N

Wy (Q) € L2(Q) — L? (Q) generates the Cy-(even analytic) semi-

group {P (t)},5, and since —£G : L? (Q) — L? (Q) is bounded, A—eG

generates a Co-semigroup on L? (Q), say Us (t) (Theorem 6.4 of [11]).
We define the operators S, (t) on Ly (2) by

= (—et)*
S.t)=Pt)Y — 9" (7)
k=0 .

Using (5) one finds that the operators P (t) and G commute and
since G is bounded, it follows that {S. (¢)},5, is a Cp-semigroup on
L, (2). Moreover, one checks that its generator equals A — ¢G and
hence we find S. (t) = U. (). Defining u (t) € Ly () for t > 0 by

u(t) = 8. (t) uo (8)

one finds that u is the semigroup solution of (6). Note that {P (¢)},5,
is an analytic semigroup on Ly (Q) with ||P (¢)]|2 = e 7. Since we
also have ||G||;2 = A", (7) implies that {S. (t)},5, is an analytic
semigroup on Ly (€2) (with the same sector) whenever |¢| < A3,

Instead of Ly (2) we may consider C'(); {P (¢)},5o is a Co-

semigroup on C(€2) and by the classical maximum principle the op-
erator —eG : C(2) — C(Q) is also bounded. One shows that u,
defined in (8), is the classical solution of (6) and hence that (u,Gu)
is the classical solution of (2).

Finally we remark that the formula in (7) shows that S, (¢) :

C(Q) — C(Q) is positivity preserving for all £ > 0 whenever € < 0.

4. 3-G Theorem.

The following result has been proven by Cranston, Fabes and
Zhao in [2] on bounded Lipschitz domains in R™ with n > 3. They
extended a result of Zhao in [24]. For n = 2 see [25], [13] and [20].

THEOREM 1. Let Q be a bounded domain in R"™, with n > 2,
whose boundary is C**. If G (z,y) denotes the Green function for
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—A with zero Dirichlet boundary condition, then

[ G(z,2)G(z,y)d=

zE€Q
esssup

=M < oo.
r,ye G (iE?y)

This result is used to show the following.

LEMMA 2. Foret < 4M~! one has

S.() <P (z et + %gt?g?) .

Proof. Note that

((9-9%)v) @) =

= [ G@yvydy—y [ [ G(z,w)G (w,y)v(y)dydw

yeQ weR yeQ

[ G(z,w)G (w,y)dw

= Glz,y)|1- wesl
ygﬁ ( ) i G(ﬁ,y)

Hence for et < 4M~! one finds

S-(t) - P() (I —etG + %e%Zg?) =

M

2k—|—1 2k + 2

k:l
00 2k+1

k:l

v (y) dy.

Qk-}—l ot
g?k <g _ g?) <

(g1 )
Z 2k+1 G (g JEtMG ) <0

367
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If we can show that the operator
1
H (t) =P (1) (I —etG + 552t2g2) (9)

is not positivity preserving we will have found that S, (¢) is not
positivity preserving. Clearly the operator (Z — tG) is not positive
and although P (t) (Z — €tG) is also not positive, it might be possible
that #. (t) is. Note that

(He () ) (@) = | (P(tw,y)—d [ Pt z,w)G (w,y)dw +

yEQ wER

+ %8%2 [ P(,z,w) [ G(w,z)G(z,y) dzdnw) f(y)dy.
wE z€EQ

It follows that a necessary and sufficient condition for the positivity
of H. (t), for t > 0 but small, is:

( [ P(t,x,‘w)G('w,y)dw) <

wed

<2 Ptz y) ( £QP(t,x,w) éfQG(w,z)G(z,y) dzdw) )
(10)

for almost all (z,y) € Q%. By letting ¢ — 0 the left hand side of (10)

converges to (G (z,y))?. The right hand side of (10) converges, in

distributional sense, for t — 0 to 6, (z) [ G (z,2)G (z,y)dz with
z€EQ

0, the Dirac measure at y. Hence for  # y and ¢ small the estimate
in (10) cannot be true.

5. (Non) Positivity results.

Lemma 2 and (10) imply that there is no uniform positivity re-
sult as for the elliptic system in (4). Nevertheless there are some
positivity results. We will show a non positivity result for small ¢
and a positivity result for large t. For the sake of comparison we will
state the positivity properties of the parabolic system (3) and the
elliptic system (4).
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THEOREM 3. (the mixed system) Let ug € C (2). The function
u denotes the solution of (2).

1. If 0 # ug > 0 and ug(z) = 0 for x € B, (y) C Q for some
r > 0, then for all € > 0 there is t.,, > 0 such that
uw(y,t) <0 forallt e (0,t.,,).

2. If [¢1(2)ug (2) dz > 0 holds, then for all ¢ € (0, A1 A3) there
Q
exists t7 > 0 such that
w(-,t) >0 on$ forallt>t:

g,ug "
Assume that there exist co > ¢1 > 0 such that c1¢1 () < ug (z) <
cap1 ().
3. There exists a decreasing continuous function 7 : (1,00) — RT
with
limsyy 7(s) = oo and lims_yo 7 (s) = 0 such that for all € €

(07 AIAQ) .

u(t) >0 onQ forall0<t<elr (f)

4. There exists an increasing continuous function T : [1,00) —
Rt with T (1) < 0 and lim,_,+, T (s) = oo such that for all
€€ (O, AIAQ) :

w(-,t) >0 onQ for all t > max ((/\1/\2 —e) ' T (ﬁ) ,1) .

C1

5. As a consequence of the last two statements it follows that for
all € € (0, \\g) there exists k. > 1 such that if % < K. then

w(-,t) >0 on forallt>0.

THEOREM 4 (the parabolic system). Let ug € C (Q) with 0 #
ug > 0. The function u, denotes the solution of (3). Then

sign (uy, (+,t)) = sign (cos (V= 1)) on Q fort > 0.
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THEOREM 5 (the elliptic system). Let f € C (Q) with 0 # f > 0.
The function u. denotes the solution of (4). Then there is * > 0
such that for all e € [0,e%):

e () >0  on Q.

For a proof of Theorem 5 see [15] or [20]. The proof of Theorem
4 is straightforward. The claim follows since P (¢) is a positivity
preserving operator for all ¢ > 0 and since the solution of (3) satisfies

uy (-, 1) = cos (Vet) P (t) uo.

Remark 1. Similar results as in Theorem 3 hold for the non
homogeneous system related to (2) where the first line is replaced

by (% — A) u = f — ev. Positivity of f does not imply positivity of
u. This can be shown by using the following (formal) expression for
the solution u:

u(t) = } S.(t—s) f(s)ds+ S. (t) uo.

s=0

Remark 2. The theorem for the mixed system can be extended
to more general elliptic operators. The two Laplacians that appear
in the system may even be replaced by different elliptic operators.
In that case the operators P (t) and G in general do not commute
and the proof will become much more technical.

Proof of Theorem 3. The first claim follows from the argument
for (10) that shows that 7. () is not positivity preserving. Indeed,
assuming et < M ™! using the estimate for 7. (¢) in Lemma 2 and
the 3-G Theorem, we find

u(y,t) < (He (1) uo) (y) =

- <73 (t) <I —etG + %eztzgz) 'Uo) (y) <
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< <P () <z _ %th) uo) (). (11)

Let K be a compact subset of Q with y € K° and support (ug) N K #
(. For z € K one finds by standard estimates (see e.g. [9]) that there
are ¢q,¢p > 0 such that for all £ € (0,7) and z € K, with 7" some
fixed positive number,

2 n _|-T_9|2

n lz—yl =—J0
o 75 TS < Pt o,y) < o ™ Fem TS (12)

The estimate on the right hand side of (12) holds for all z,y € Q.
Moreover, for w € K one has

G(w,z) > es|w—z|™".
Let s be such that B, (y) C K. We find for small ¢:

t [ Pty,w)G(w,z)dw >
wER

n —w|2
>ct [ tTzem @ |w—z[ " dw >
lw—y|<s

9_ 1 2—n
>ct [ e_%|“|2‘y—$+\/gv‘ ndeClt<7) )

IS 5 lz —yl+s
(13)
and indeed, there exists ¢,,,, > 0 such that
1
§8t (P(t) Guo) (y) > Cupy € L. (14)
The right hand side of (12) implies that
a2
P wo) (v) < ea [ tFe T up(2) do <
r€Q
, _n _|e=yl?
<e, | trewm dr=
|e—y|>r
o —1p? dv < ¢ —;—2 15
=c, [ e v< e, e, (15)

|ﬂ>iﬁ
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and then, using (14) and (15), for ¢ small we have
1
(7) () (z - §5tg> u0> (y) < 0.

The second claim. For large t we use
L* Q) = [l @ [
where [p1] = {ap1;0 € R} Let mp : L?(Q) — L*(Q) denote the
projection on the first eigenfunction. We define v, = Ay + ¢ /\2_1.
Since ¢ € (0,A1)2) we have v. = inf;>y (/\Z-—I—e /\Z»_l) < Ay + A
Since S (t) p; = e (hite )‘i_l)api and since the eigenfunctions are a

complete orthonormal system in L2 (Q) we also have for all ¢ € |I4,91]]J‘
that

182 (1) ¥l 2y < €7 [Vl (g -

Notice that G is a bounded operator on W' (Q). Since P (t), for
t > 0, is a bounded operator from L% () into Cq () N W1 (Q) we
find that S, (¢), for ¢t > 0, is also one. Indeed, we have

182 (1) Pllwre ) < € P (1) Pl (g -

with ¢ = eM*2ll9llwiee Denoting by Crx the constant in the
Rellich-Kondrachov imbedding (see Theorem 6.2.11 of [1]), we ob-
tain
182 (1) llwroo ) < € IIP (1) Pllypicoay <
< Crk [P (1) ¢HW1+%,2(Q) <
< ¢ [[Yl| 2 forallt € (0,1] 9 € Ly (€2).

The last estimate uses that {P (¢)},2, is an analytic semigroup on
L? (). The constant ¢* does not depend on ¢ € (0, A\{Az). Hopf’s
boundary point Lemma for ¢ implies that there exists ¢ > 0, de-
pending only on ¢, such that

(S (1) %) (2) < ¢ ¢ [l o1 (@) fora e .
Hence

(S (L+1) ¥) (z) <™ e [|S (1) ¥llp20) #1(2) <
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<e ™l cte 1Pl 2(q) w1 (z) forz e

Writing ug = mug + (Z — 71) up we find that for ¢t > 1
u(z,t) >
> (e—()\l-}-a/\l_l)t Hﬂ-IUOHL?(Q) _ e—uet evs c*-

¢ (7 = m) woll 2y #1(2) 2

> 016_(A1+5/\1_1)t (1 - e I€=m) UO”LQ(Q)) (m1ug) (2)
B ™1 uollz2 o)
(16)
with
C =eMth ¢* o, (17)
€
B. = (A2 — M) (1 _ /\1>\2) . (18)

Since € < AjAg and (miug) (z) > 0 we obtain that u (z,¢) > 0 for
large t.

The third claim is shown by using the formula for S. (t). Putting
the odd and even terms together one finds

Ao
=
(]2

N
E L)
B
L

ol
=

o
v

k=0

2k 2k+1
o (A7) o (A7)
> e’

> e M! Yy ey | o1 =
22" 2k, 2ok 1)

= ¢re M cosh (5t/\1_1) (1 — Z—jtanh (gt/\l_l)) 1. (19)

The last expression is positive if

1 -1
et < =Arln (1+2(C—2— ) )
2 C1
The fourth claim uses (16). We have

Im1uoll 20y 2 erllenllzz ) = 1
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and from the fact that the projection is a contraction it follows that

<

1
12 = m2)woll gy = (= 70) (10 = 5 Cea - cn) )
L2(Q)

1
< ‘Uo—§(02+01)991 <
12(Q)
1 1
SH_(CQ_CI)QDI < —f(eg—01).
2 12(Q) 2

Since C'in (16) does not depend on € or ¢, the estimate in (16) yields

u(z,t) > cre=(rarTt )t <1 —e Pt % <C—2 - 1)) (m1ug) ()

4]
(20)
which implies that u (z,¢) is positive whenever £ > 1 and

AIAQ <1 (CQ ))
AMAg —e)t > ————1In | = ——1]].
( 1A2 8) > N — M n 20 o
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