EIGENVALUES AND EIGENVECTORS OF A SPECIAL
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by G. LoMBARDI and R. REBAUDO (in Pisa) (**)

SOMMARIO. -Scopo di questo lavoro é fomire autovalori ed autovettori esatti di
una classe di particolari matrici, che possono essere usate come matrici test.
Sono state considerate a tal fine dapprima matrici di Toeplitz tridiagonali,
quindi matrici ottenute da queste con opportune correzioni ed infine alcune
matrici di Haenkel, legate alle precedenti da una relazione di similitudine.

SUMMARY. -The aim of this paper is to give exact eigenvalues and eigenvectors of
a class of special matrices, to be used in testing algorithms. To this end, first
Toeplitz tridiagonal matrices are considered, then matrices obtained from
them by corrections and after a class of Haenkel matrices related to the
privious by similarity transformations.

Introduction.

In order to find eigenvalues and eigenvectors, the following con-
siderations have been taken into account.

i) Let 4 be a matrix of order n. We can associate to the equation 4x
=Ax a (n - 1) -order difference equation, with suitable initial conditions.
In the special case of a Toeplitz matrix, the coefficients of such equation
are constant and if, in addition, the matrix is tridiagonal, its order is two.
If we take into account the relations between roots and coefficients of
the characteristic equation associated to this difference equation, then
the general solution (with initial conditions) in some cases allows to find
eigenvalues and eigenvectors.

ii) Let A4 be an eigenvalue of 4, «, ¢t scalars, I the identity matrix;
then al + tis an eigenvalue of B = a4 + tI; eigenvectors of 4 and B,
associated to 4 and ad + ¢ respectively, are the same.

(*) Pervenuto in Redazione il 26 ottobre 1988.
Lavoro svolto nell’ambito di un programma nazionale di ricerche del M.P.I.

(**) Indirizzo degli Autori: Istituto di Matematica Applicata “U. Dini” - Facolta di Ingegneria -
Universita degli Studi - 56100 Pisa.
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iii) Let 4 = S'IBS,y a right eigenvector of B associated to the
eigenvalue 4; thenx = S-lyis an eigenvector of A associated to 1. If, as a
special case, S is a permutation matrix, the elements of x are a permuta-
tion of those of y.

iv) The roots of the algebraic equation 2”* = 1 are

zs=€ 7" = cos 7.71 +i sin;n, s=0,.,n—-1

’

those of 2 = -1 are

ing—ln
Zs =€ = COS

T +1isin

n, s=0,.,n-1.
n

In what follows, e; is the s-th element of canonical base in R".0,:m
the null matrix sized nxm, J,, = [en.en-1,....e1]; we shall write simply O or

J if there is no ambiguity. If 4 =JBJ or A = kB (k scalar), A and B will
not be regarded as different ones.

1. Tridiagonal Toeplitz matrices.

1.1 The n-drder matrix

-O 1 0 0 0-

1 0 1 0 0

0 1 0 0 0
T =

0 0 0 0 1

0 0 0 1 O

has the following eigenvalues and eigenvectors, respectively,

JT

As = Zcosn_*_1

s, s=1,...,n;
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5O =V 2 sin—Z—js,j=1un ;s =1Lon.

n+1 n+1

Eigenvalues and eigenvectors of

0 1 0 0 OT
-1 0 1 0 O
0 -1 0 0O O
Ty =
0 0 0 0 1
0 0 0 -1 0
L .

are respectively:

ifn=2k+1

n
2%k+27 7

As = 2i sin s = —k,...,k ;

5@ = [1+(—1)/+1] COS_Z]?S}-I—EJI + i[1+(—1)j+1] Si“y:‘_;_zn

ifn =2k

ak+2 7"

Ag = 2isin s=—k+1,...k ;

% ¢) — [1+(_1)i+1:| COS'Z%Z%_:—ZIZW + i[1+(—1)f+1] Sinl-(——l. j/i-:Zl T,

j=1.,n ; s=—k+1,.,k .
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1.2. LEMMA. Let Ty, T, be defined as in 1.1, b, ¢ = 0,
a =sgb)V]be |,

Fa b 0 0 0

c a b 0 0

0 C a 0 0
T =

0 0 0 a b

0 0 0 c a

R J

Then T is similar either to a(T; + %I) orto a(T; + f—zl) depending if
bec > 0orbc < 0, respectively.

Proof. Let D = diag {dy,dy,..dn}, where di = Vibc| |,
di=di-1V|c/b| ,i=2,.,n.Then

a sg(b)dy 0 . 0 0 -
sg(c)dy a sgbya, - -- 0 0
0 sg(c)dy a e 0 0
T=D7'tp=| . .
0 0 0 e a sg(b)dy
0 0 0 cr sg(c)dq a

is similar to 7. If we set a=sg(b)d1,7°=a(T1+§1)
ifbe>0,T=a (T + 1) ifbc<0,QED..
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1.3. THEOREM. Let T, D, a be defined as in 1.2. Then eigenvalues and
eigenvectors of T are, respectively:

ifbc >0
As = a + 2acos —— +1 T,s=1,.,n;
) = g ocin A5 i = .
xj ©) = dj sin-5 7, j = lyon ;3 s=1,..,n;
ifbc <0
forn =2k+1

As =a + 2aisin —/——= = —k,....k ;

2k+2

5®=d {[1+( 1)’“] cos—z—kl—an+t[1+( 1)’“] Sm??:kL.i }

j=l.,n ;5= —k..,k;

forn =2k

As=a +2aisin2s—17z

TR s=—-k+1,...,k ;

50 =4 {[1+( 1)'“] cosl%%——zlln+t[l+( 1)’“] sin j;:; 7},

j= 19'”’" y § = _k+1,...,k .

Proof. It follows immediately from 1.2, taking into account the
considerations of introduction, Q.E.D..
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1.4. COROLLARY. The matrix

Fa b 0 0 O-

b a b 0 O

0 b a 0 0
T =

0 0 0 a b

0O 0 O b a

5 J

has eigenvalues and eigenvectors, respectively,

s
As=a+2bcos——m ,s=1,..,n;

n+1
5O =V 2 n Ly j=1l..,n;s=1,.n
J n+1 n+1 "’ e ’

2. Matrices obtained from Toeplitz tridiagonal ones.

We shall give now eigenvalues and eigenvectors of a collection of
tridiagonal matrices, obtained from the Toeplitz tridiagonal simmetric
matrix defined in 1.4. by changing at most two elements.
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2.1. Let
[ i
a-b b 0 0 0
b a b 0 0
0 b a 0 0
T3 = ;
0 0 0 a b
0 0 0 b a

it has eigenvalues and eigenvectors, respectively:

}.s=a+2bcosznzj_ln , s =1,.,n;

2 o @=Ds

Xj o sin ntl x,j=1.,n;s5s=1,.n
2.2. Let

a+b b 0 0 O
b a b 0 O
0 b a 0 O

Ty = ;
0 0 0 a b
0 0 0 b a

its eigenvalues and eigenvectors are, respectively:

2n+1

As =a + 2b cos T ,s=1,.,n;
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2 . (n—j+1) (25—1
VZn+1 o0 = 2,,1.(1 )” yJ=L.,n; s=1,..n

5O =

2.3. The matrix

a 2b 0 0O O

b a b 0O O

0 b a 0 0
Ts =

0 0 0 a b

0 0 0 b a

L i

has eigenvalues and eigenvectors, respectively:

As = a + 2b cos T ,s=1,..,n;

2n
() i =) 251 =
X ©) = sin o n,j=1.,n;s=1,.n.
2.4. Let
a+b b 0 cee 0 0
b a b 0 0
0 b a 0 0
T = ;

0 0 0 a b

0 0 0 b a+b

L §

its eigenvalues and eigenvectors are, respectively:
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s—1
As=a+2b COSTJI ,s=1,..,n;

xj(1)= V 1 s j=1,,n

n

xj(s)= V — (2J 1) (s 12 ,j=1l,,n;5=2,.,n.

n

2.5. The matrix

_a—b b 0 0 0 -1
b a b 0 0
0 b a 0 0
T7=
0 0 0 a b
0 0 0 b a+b
L _

has eigenvalues and eigenvectors, respectively:

25—
As = a + 2b cos »

© =V 2 gip @=L &) _ o=
X » n t,j=1,.,n;s=1,.,n.
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2.6. Let

a-b b 0 0 0
b a b 0 0
0 b a 0 0

T8 = ’

0 0 0 a b
0 0 0 b a-b

L J

it has eigenvalues and eigenvectors, respectively:

As=a+2b cos’i:-n sy s=1,..,n;
. (2j-Ds .
x®=V2 sin LLJ[, j=1l,.,n;s=1,..n.
/ n 20

2.7. The matrix

Pa 2 0 0 0-

b a b 0 O

0 b a 0O 0
Tg =

0 0 0 a b

0 0 0 2b a

L _J

has eigenvalues and eigenvectors, respectively:

l s—1
As=a+ %COSEJ[ y s=1,..,n ;
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xj (S) = COS tl)—is—-——ll][, ] = 1 geeesll y § = 1 geeeyll .

n—1
2.8. Let

-a+b b 0 0 0T

b a b 0O O

0 b a 0 O
Tio=| . : . : K

0 0 O a b

0 0 0 2b a

L _

its eigenvalues and eigenvectors are, respectively:

As=a+2bcosgs—_-lzn s=1,

= 1,01
2’1_—1 ? ’ 2

¢) = COS (2j-1) (S—l)n ji=1

2]1‘—1 ) gesesll 53 § = 1 IR (I8

X

2.9 The matrix

-a—b b 0 0 0-
b a b 0O O
0 b a 0 O
Tnu=
0 0 0 a b
0 0 0 2b  a

has eigenvalues and eigenvectors, respectively:
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-1

As =a + 2b cos w,s=1,.,n;

@G- @2s-1) . _ o
22n-1) T Ly s s=1,..n.

Xj ©) = sin

3. A special Haenkel matrix and matrices obtained from it.

We shall deal now with a special Haenkel matrix and a class of
matrices obtained from it by correcting at most two elements. In what
follows, we set

- I O I
S ER Y
J O —J

(whose orders are n = 2k and n = 2k+1), where [ and J have order k,
while O is a suitable null vector. It can be easily proved that

A R

I O -J
3.1. Let

PO 0 0 0 b a-

0 0 0 b a b

0 0 0 a b O

H=

0 b a 0 0 O

b a b 0O 0 O

a b 0 0 0 o

If the order of H is n = 2k, we can write
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Hy H,
Hy JH1J

(with Hy, H,, J of order k) and

f=plHP [JH25H1 —(JH?—H1)] = diag {Cl , —Cz},
where
I 7 I T
a b O 0 0 a b 0 0 O
b a b 0 O b a b 0 0
0O b a 0 O O b a 0 O
Cy = , G2 =
o 0 0 --- a b 0O 0 0 --- a b
L0 0O 0 --- b a+b 0o 0 0 - b a-b

whose eigenvalues and eigenvectors are known (see 2.2, 2.1). ()
If the order of Hisn =2k + 1, we can write

o v H
H= vT a VT]
H, Jv O

(H2,J,0 are of order k, v is a k- vector) and

M 1t is well known that if R =diag{S,T} eigenvalues of R arc thosc of S and of 7" Now, if 4
and u are, in order, eigenvalues of § and 7, x1 an eigenvector associated to A, and y1 an

eigenvector associated’to g, then
L= | X1 o)
X = =

arc eigenvectors of R associated to 4 and y, respectively.
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JH, Vv O
ﬁ=P"1HP= 2wl a 0] = diag {61,—62}
O o0 —-JH;

where Cj has order k + 1, C, has order k. Eigenvalues and eigenvectors
of matrices

ra b 0 --- 0 0- ra b 0 --- 0 0-

b a b -- 0 0 b a b --- 00
R 0O b a - 00 . 0 b a 00
C = , Gy =

0 0 0 a b 0 0 0 a b

0 0 O 2b a 0 0 0 b a

L J L §

are known (see 2.3, 1.4).

3.2. The following matrices are obtained from the matrix & defined in
3.1. They are similar to block-diagonal matrices, whose eigenvalues
and eigenvectors are known.

a) Let

- -
0 0 O b a+b

0 0 b a b

0 0 a b 0

H, =
b a 0 0 0
a+b b 0 O 0
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If its order is even, P'1H1P = diag {Ts, - JT# }, where Tg and T7 are
defined in 2.4 and 2.5 respectively; if its order is odd, P “lHP= diag
{T10, - T4}, where T1g and T4 are defined in 2.8 and 2.2.

b) Let
0 0 0O b a-b
0 0 b a b
0 0 a b 0
H; =
b a 0 O 0
a-b b ce 0 0 0

Then if its order is even, P’leP = diag {T7,- Tg}, while if its order
is odd, P -1 Hj P = diag {T11,- T3} where T7,Tg,T11,T3 have been studied
in 2.5, 2.6, 2.9, 2.1 respectively.

c) Let
0 0 0 2 a
0 0 b a b
0 0 a b O
Hj3 =
b a 0 0 O
a 2b 0 0 O

If its order is even, then P'1H3P = diag {JT1¢J, -JT11J}; if its order
is odd, P "1 H3 P = diag {Ty, -Ts}, where Ty, T11, To, Ts are defined in
2.8,2.9,2.7,23.
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